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Modifications to key coefficients in a k − based explicit algebraic stress model (EASM) are examined with the objective of improving the prediction of turbulent jet flows. The pressure strain coefficient, C2 and the turbulent diffusion coefficients, σ k and σ were investigated. For a series of benchmark subsonic jets at heated and unheated conditions, lowering C2 from the default value of 0.36 to 0.10 resulted in a significant improvement in the jet mixing, when compared to experimental data. Changing σ k and σ from default values of 1.00 and 1.4489, respectively, to 0.50 and 0.7244, respectively, improved the initial mixing rate, while reducing the farfield mixing rate and the peak turbulent kinetic energy along the centerline. A high-speed mixing layer was also investigated for performance of baseline and modified EASM coefficients, with similar results as for the jet cases. A flat plate boundary layer was briefly examined to determine the effects of changing the coefficients on the turbulent skin friction coefficient. The change to the pressure strain coefficient, C2 = 0.10 is recommended for future EASM calculation of jets flow; however, it is also recommended that the diffusion coefficients remain at their default values. Reynolds stress anisotropy tensor 
II. Introduction
Improvement in the prediction of turbulent flows has arguably been the pacing technology gap in computational fluid dynamics (CFD) codes for several decades. The practical state-of-the-art for most engineering analyses is the Reynolds-averaged Navier-Stokes (RANS) approach. In recent years, research to improve turbulent flow prediction accuracy has focused on Large Eddy Simulation (LES) based methods.
1 For complex problems at high Reynolds numbers where wall boundary layers are the dominant flow feature, RANS based methods are still required for most engineering analyses. Hybrid RANS-LES methods have become popular in the past decade, especially for flows where the wall-bounded regions are clearly demarcated from free shear layers, or where massive flow separation is a dominant flow feature. In these situations, RANS is used in the attached wall boundary layer regions, while LES is used elsewhere.
LES has already demonstrated promise for certain classes of flows, primarily where wall boundary layers are of secondary importance. Jet flows and the noise emitted by jets is one such example where LES has seen significant model development and usage becomes a more practical option. [2] [3] [4] As computer technology continues to advance, the focus of CFD development and usage will continue to move towards LES-based methods for jet flow aerodyanmics and aeroacoustics. However, there is still a need for less costly methods to enable more rapid concept screening and evaluation, based upon RANS techniques for jet flow predictions. Ongoing efforts in RANS-based acoustic analogy methods, such as that described in Ref. 5 , have demonstrated good engineering accuracy at much lower cost than that required for an LES of the same configuration. The acoustic analogy predictions are only as good as the underlying RANS prediction, and turbulence model employed. For jet flows, two-equation models, especially k − ω and k − formulations, which are linear eddy viscosity models employing the Boussinesq approximation, are typically used because of their relative accuracy and because they directly solve for the turbulent kinetic energy, k, and a turbulent length scale, which are quantities required by the acoustic analogy approach.
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Newer acoustic analogy efforts such as that detailed in Ref. 5 are enabling consideration of turbulent flow anisotropy, through the use of explicit algebraic stress models (EASMs). EASM approaches solve an underlying linear two-equation model, but then employ additional algebraic expressions for the individual normal and shear stresses. In this paper, we examine a k − based EASM, both in original form and with modifications to improve prediction of jet flows.
Linear Eddy-Viscosity Model Calibration for Jet Flows
Calibration of two-equation Boussinesq turbulence models has typically been targeted toward obtaining the proper behavior of the log-layer region of the boundary layer as well as the decay of homogeneous or isotropic turbulence. As discussed by Papp and Dash, 7 and Yoder, 8 turbulence model coefficients that work well for wall boundary layers tend to underpredict the level of turbulent shear in jets and mixing layers. The problem is one that has been recognized for some time. Bradshaw 9 explains that the coefficients used in the modeling terms will only assume constant values in the unlikely event that the modeled term exactly correlates with the physical term it represents. More likely, these coefficients will be different for different flows, and may vary from point to point within the same flow. Numerous attempts have been made to improve jet flow predictions using the "standard" high Reynolds number two-equation k − model.
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Kenzakowski
13 decreased the σ k diffusion coefficient in the turbulent kinetic energy transport equation from 1.0 to 0.75. Engblom, et al.
14 formulated a variable diffusion coefficient for both σ k and σ that likewise reduced the effective coefficient values for axisymmetric jet flows. In both cases, reducing these coefficient values resulted in faster transport of turbulent kinetic energy toward the jet axis, as well as an upstream shift in the end of the potential core. Thies and Tam 15 went to the extreme and recalibrated all of the k − coefficients to provide more accurate prediction of the jet mean velocity, but the model underpredicts the peak centerline turbulent kinetic energy. These models were compared for reference round jets in Ref. 16 . Birch, et al. 17 suggested that different constants are needed in the near field and far field of the jet to account for the change in turbulence structure as it transitions from the planar-like mixing layer near the nozzle lip to the axisymmetric mixing region in the far field. To accomplish this, they proposed a zonal model that applies one set of coefficients in the region upstream of the end of the jet potential core and another set of coefficients downstream. However, the exact switching location is user specified, thus limiting the generality of the model.
Additional correction terms beyond model coefficient adjustment have been proposed to account for the effects of: dilatation dissipation compressibility, [18] [19] [20] round jet vortex stretching, 21 and jet heating. 22, 23 In many cases, the physical justification used in the formulation of these models has since shown to be much weaker than first thought. However, such models continue to be used as "empirical corrections" simply because they happen to shift the results in the desired direction.
Explicit Algebraic Model Calibration for Jet Flows
Although algebraic stress and differential Reynolds stress transport models incorporate additional physics into the modeled terms, they too tend to be primarily calibrated for wall-bounded flow. References 24-26 demonstrate a consistent under-prediction of jet mixing rates when using algebraic stress models. Yoder 8 compared planar mixing layer results from Boussinesq, algebraic stress, and differential Reynolds stress models using a common set of standard model coefficients. While the algebraic and differential stress model results were similar, both predicted a peak shear stress that was in worse agreement with the experiment and at least ten percent lower than the Boussinesq model. This might be attributable to the different treatment of the turbulent stress as well as the use of that stress to compute the turbulence production.
Papp, Kenzakowski, and Dash 26 performed a recalibration of an algebraic stress model to improve jet flow predictions. They found that reducing the C 2 coefficient in the Speziale, Sarkar, and Gatski 27 model terms for the pressure-strain correlation tensor from its original value of 0.36 to 0.25 resulted in much closer agreement with the peak shear stress of both experimental data and the Boussinesq model. In the planar mixing layer study of Yoder, 8 a sensitivity analysis was conducted for multiple model coefficients. Those results also indicate that reducing C 2 has the strongest effect on increasing the turbulent shear stress and mixing layer growth rate, with a value of 0.10 providing the best agreement with the available data. Adjustment of the other pressure-strain coefficients in the algebraic stress model may be used to improve the anisotropic distribution of the turbulence normal stresses.
III. EASM Formulation
In this section, we provide key details of the k − based EASM used in this paper. A complete description of this model is given in Yoder.
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Algebraic Stress model
Derivation of an algebraic stress model follows from simplification of a differential Reynolds stress model, such as that of Launder, Reece, and Rodi, 31 having the form:
where P ij is the exact turbulent production term, D ij is the turbulent stress diffusion, and Π ij is the pressure-strain correlation tensor. It is this pressure-strain term which functionally provides most of the anisotropy capability of a Reynolds stress model, and which linear eddy viscosity models have no capability to provide. A typical form of the deviatoric pressure strain tensor is as shown in Eqn. 2.
Using Eqn. 2, the weak equilibrium assumption for the turbulence anisotropy, and a simplification for turbulent diffusion, Eqn. 1 can be expressed in a tensor basis expression that is then used for the EASM:
where S ij is:
and W ij is:
The nonlinear eddy viscosity, µ * t is:
and the turbulent time scale is τ = 1/ω = k/ . The quantity α 1 /τ is equivalent to −C * µ and is obtained from the solution to a cubic equation at every point in the flow field. The solution procedure is described in detail in Refs. 28-30. Per Speziale, Sarkar, and Gatski, 27 the pressure strain coefficients in Eqn. 2, have the following values:
The form of the k − model used as the underlying two-equation model for the EASM is:
where the production of k is given by:
where
NASA/TM-2019-219978
Yoder 8 performed an extensive sensitivity study on the effects of the pressure strain coefficients for an incompressible planar shear layer, and found that the most significant improvement to the mixing rate and turbulent stresses was provided by changing the C 2 coefficient from 0.36 to 0.10. In this paper, effects of this change to C 2 are considered for a series of benchmark round jet cases. Effects of the diffusion coefficients, σ k and σ , in the underlying k-model are also examined. These two sets of coefficients are also studied for a high speed mixing layer and incompressible flat plate.
Comparisons of solutions obtained with the baseline and modified EASMs are made with the Menter Shear Stress Transport (SST) k − ω turbulence model. [32] [33] [34] This linear-eddy viscosity model has been one of the most successful and popular RANS turbulence models during the past two decades. A large reason for its success is in predicting wall bounded flows for a variety of flow conditions. It is a two-layer model, with inner model based on the Wilcox k − ω 35, 36 formulation near walls and a transformed k − model away from walls and in free shear layers based on the formulation of Refs. 10-12, which is typically referred to as the standard k − model. It has closure coefficients very similar to that described for the k − model central to the EASM model considered here. Also central to the SST model is the use of a limiter, which in the standard published version of the model prevents the turbulent shear stress from exceeding 0.31 times the turbulent kinetic energy in the inner part of a boundary layer. For jet flow regions, this limiter is not employed.
IV. Results
Round Jets
In this section, we first examine the round jets tested by Bridges and Wernet. 37 In Ref. 37 , several sets of experimental data in addition to that of the authors, were carefully considered and compiled into a set of "consensus data" for turbulent round jets. Three of these cases, all corresponding to subsonic round jets, have been included on the NASA Turbulence Modeling Resource website described in Ref. 38 and have been examined here. In Bridges and Wernet, 37 the authors categorize the jets by a parameter known as the jet acoustic Mach number, M a , which is equal to the jet exit velocity divided by the freestream speed of sound. The first case has M a = 0.5 and is unheated (cold); the second has the same M a = 0.5 but the jet is heated such that the jet exit temperature is 1.75 times that of the ambient; and the third is an unheated jet with M a = 0.9. In the experiments, the jets exhausted into ambient air. In the computations described here, a very low freestream Mach number = 0.01 was specified. This procedure has regularly been used to enable the flow solver to converge, while having virtually no effect on mixing behavior of the jets.
A comparison of jet centerline velocity and turbulent kinetic energy from RANS solutions and experimental data is provided in Fig. 1 . For each of the three jet cases just discussed, there are three solutions provided: One with the Menter SST (linear eddy-viscosity) k − ω model, the second with unmodified k − EASM, with key pressure strain coefficient, C 2 , set to 0.36, and a third k − EASM solution where C 2 is reduced to 0.10. It may be observed that none of the solutions provide excellent agreement with the experimental data, but the unmodified k − EASM provides the worst delay in initial jet mixing for all of the three jet flow set points. Examining the experimental data alone, it may be noted that the heated M a = 0.5 case mixes the fastest, followed by the cold M a = 0.5 case, and the M a = 0.9 case has the longest potential core and slowest initial mixing rate. It is believed that for M a = 0.9, some compressibility effects are beginning to slow down the rate of mixing in the jet shear layer, relative to the more nearly incompressible M a = 0.5 case. Returning to the RANS solutions, it may be observed that the modified EASM with C 2 reduced to 0.10, substantially improves the mixing rate, and provides close agreement with the Menter SST k − ω solutions. While not shown here, additional variations in C 2 were considered, with the general trend being an increased initial mixing rate (and correspondingly shorter jet potential core) as C 2 was reduced. Solutions obtained with C 2 = 0.05 exhibited only slightly more mixing than the C 2 = 0.10 cases. These results agree with those suggested by Yoder, 8 where C 2 = 0.10 was found to improve mixing for an incompressible planar shear layer. The next sets of comparisons consider variations in the k − coefficients, which as discussed in the introduction, have been used for linear two-equation models to improved jet mixing predictions. The results shown in Fig. 2 use the default pressure strain coefficient setting, C 2 = 0.36, but compare default settings for the k − diffusion coefficients, σ k = 1.00 and σ = 1.4489 to settings corresponding to half of these values, σ k = 0.50 and σ = 0.7244 . Examining Eqns. 7 and 8, it may be observed that this effectively doubles the contribution of the turbulent diffusion terms, because these diffusion coefficients are in the denominators. The velocity profiles in Fig. 2(a) show that relative to the baseline EASM with standard diffusion coefficients, the cases with diffusion coefficients dropped by half (and recall increased turbulent diffusion) have a more gradual rounding of the end of the potential core and shorter potential core, improving agreement with data. The mixing rate further downstream is reduced. Examining the turbulent kinetic energy profiles in Fig.  2(b) , the peak turbulent kinetic energy along the centerline is also reduced.
The same two sets of diffusion coefficients are examined while reducing the pressure strain coefficient to C 2 = 0.10 in Fig. 3 . For the two cold cases at M a = 0.5 and M a = 0.9, the centerline velocities obtained with C 2 = 0.10 and diffusion coefficients set to half of the default values provide close agreement with the experimental data. As was the case for C 2 = 0.36, the potential core is shortened, the velocity profile near the end of the potential core is more rounded, while the mixing rate further downstream (near x/D = 20) is reduced. A similar trend is also observed for the turbulent kinetic energy profiles.
A final set of comparisons with a fixed setting for C 2 = 0.10 is provided in Fig. 4 . Here, the lowered diffusion coefficients σ k = 0.50 and σ = 0.7244 are compared with the settings recommended by Thies and Tam 
High Speed Mixing Layer
The primary objective of the EASM parameter investigations considered in this paper was to improve calculation of jet flows. To further examine the model for a highly-respected free shear layer mixing data set, currently being used in the NASA Transformative Tools and Technology Project to evaluate RANS and LES approaches, we examine a high-speed planar mixing layer investigated by Goebel and Dutton. We compare data from the experiments with RANS solutions obtained with (1) Menter SST lineareddy viscosity model, (2) baseline k − EASM, (3) k − EASM with C 2 reduced to 0.10 (this is referred to as "EASM-P.S." in the following figures), and (4) k − EASM with C 2 = 0.10, and modified diffusion coefficients, σ k = 0.50 and σ = 0.7244 (this is referred to as "EASM-Diff. and P.S." in the following figures). The nomenclature of "P.S." refers to the pressure strain coefficient, C 2 being reduced to 0.10. Three axial stations in the mixing layer are considered: the first at X = 150 mm which is near the end of the development or non-equilibrium region according to the experimental findings, and the next two stations are at X = 250 mm and X = 350 mm, believed to be in the more self-similar linear growth region.
The velocity profiles shown in Fig. 5 show that generally the best solution is that produced by the EASM solution with C 2 = 0.10 and diffusion coefficients unmodified from the original form. All of the EASM solutions show a more gradual rounding at each edge of the shear layer relative to the Menter SST solution. The turbulent shear stress comparisons in Fig. 6 show the highest predicted turbulent shear stress for the Menter SST model. The baseline EASM solution and that with modifications to both C 2 and diffusion coefficients yield very similar turbulent shear stresses. Reducing C 2 from 0.36 to 0.10 increases the turbulence while the extra turbulent diffusion from using σ k = 0.50 and σ = 0.7244 tends to more rapidly spread the turbulence away from the center of the shear layer where the turbulent shear stress peaks.
The axial and transverse turbulent normal stresses are shown in Figs. 7 and 8 respectively. In general, the trend is similar to that of the turbulent shear stress. Note that the Menter SST model is unable to differentiate between the axial and transverse turbulent normal stresses due to limitations of its reliance on the Boussinesq approximation. In particular, the transverse normal stress is significantly overpredicted with the Menter SST model. Overall, the k − EASM solution with C 2 lowered to 0.10 but diffusion coefficients unchanged from their original form (σ k = 1.00 and σ = 1.4489) yields the best agreement with all of the data for this high-speed mixing layer case.
The mixing layer thicknesses obtained from all of the solutions are compared with experimental data in Fig. 9 . Note that this mixing layer thickness is defined as the distance between transverse positions where u = U 1 − 0.1∆U and u = U 2 + 0.1∆U . Because the mixing layer is in an enclosed duct between two streams that are supersonic, there are a series of weak oblique shock waves that result in slight changes in the edge velocities, U 1 and U 2 , and the waviness in all of the solutions and experimental data for the mixing layer thicknesses shown in Fig. 9 . It is clear that the solution with "EASM-P.S." results in greater mixing than the baseline k − EASM, while the k − EASM with C 2 = 0.10 and modified diffusion coefficients reduces the mixing rate. The SST solution yields the highest mixing layer growth which follows from shear stress levels (see Fig. 6 ) also being highest from the SST solution.
Flat Plate Boundary Layer
While the focus of this paper is on jet and free shear layer mixing away from walls, most jet flows originate from nozzles where accurate calculation of wall boundary layer regions is also important. To only briefly consider effects of these EASM variations on boundary layer calculations, a nearly incompressible flat plate flow was investigated with freestream Mach number set to 0.2. For this case, the grid and boundary conditions that are available on the turbulence modeling resource website described in Ref. 38 for a turbulent flat plate were employed. The grid was previously verified to yield grid independent solutions.
The skin friction coefficient along the flat plate is shown in Fig. 10 . The solutions are compared with data of Wieghardt and Tillman. 41 The same variation in the k − EASM parameters as discussed in the previous section, with the same corresponding description of each case in the legend, is shown in Fig. 10 . It may be observed that except for the EASM solution where the diffusion coefficients were reduced, that the other EASM solutions and SST model solution yield very similar predictions of turbulent skin friction along the flat plate. The EASM solution with C 2 = 0.10 has slightly increased skin friction relative to the baseline case. The most notable result, however, is that reducing the diffusion coefficients, which we recall increases the turbulent diffusion, has an adverse effect on the boundary layer development. This is the result of too much diffusion of turbulent kinetic energy away from the near wall region. In terms of recommending a parameter set for the k − EASM that would provide improved predictions for jet or free shear layer mixing flows while not degrading wall boundary layer predictions, reducing the pressure strain coefficient, C 2 , to 0.10 while leaving the diffusion coefficients unchanged, seems like the optimal choice based on the results considered for these cases.
V. Conclusions
While it is recognized that Large Eddy Simulation (LES) will become increasingly more popular for jet flow simulations in the future, there is still need for more accurate Reynolds-averaged Navier-Stokes (RANS) computational approaches, which are able to provide more rapid turnaround of solutions. These RANS solutions are important not only to assess the aerodynamics of jet flowfields but also as input to acoustic analogy approaches for predicting jet noise. The practical state-of-the-art for RANS jet flow computations has been linear two-equation eddy-viscosity models, especially k − ω and k − formulations. However, despite several attempts to develop corrections to such two-equation models to improve jet flow predictions, the success and generality of these corrections has been limited. These models also have no provision to handle turbulence anisotropy. Newer acoustic analogy approaches are trying to include effects of turbulence anisotropy, and as a result, the linear two-equation models are unable to provide the flow quantities needed as input.
Explicit algebraic stress models (EASMs) have the ability to include effects of turbulence anisotropy, and are not significantly more computationally expensive than linear two-equation models. Like the linear models, they require an underlying two-equation RANS model, and then solve additional algebraic expressions to obtain the turbulent stress components. Previous investigations of k − ω and k − based EASMs have actually indicated worse predictions of low order flowfield statistics, such as jet flow velocity, than the linear models. There have been a small number of attempts to improve the rate of jet mixing using EASMs. In this paper, the effect of a key pressure strain coefficient, C 2 , and the turbulent diffusion coefficients, σ k and σ , were investigated.
For a series of subsonic jets at heated and unheated conditions, lowering C 2 from the default value of 0.36 to 0.10, the value optimized by Yoder 8 for an incompressible mixing layer, resulted in a significant improvement in the jet mixing, when compared to experimental data. Reducing σ k and σ by a factor of two from default values of 1.00 and 1.4489, respectively, to 0.50 and 0.7244, respectively, improved the initial mixing rate, but reduced the peak turbulent kinetic energy along the centerline, and also reduced the farfield mixing rate. Lowering these turbulent diffusion coefficients by a factor of two increased the turbulent diffusion, which helps to shorten the potential core of the jets by spreading the initially thin mixing layer, but beyond this region, the diffusion is too high, adversely affecting the subsequent mixing in the jet.
A high speed mixing layer was investigated next, specifically Case 2 from the Goebel and Dutton ex-periments, with two supersonic streams at a convective Mach number, M c , of 0.46. For these cases, the clear advantages of the EASMs over linear models such as the Menter SST k − ω model, to more accurately reproduce the ratio of axial to transverse normal turbulent stresses, was demonstrated. The EASM solution employing C 2 = 0.10 and no change to the default turbulent diffusion coefficients yielded the overall best predictions of the mixing layer velocities and turbulent statistics. Finally, an incompressible flat plate boundary layer was investigated. While not a free shear layer mixing case as was the focus of this paper, the flat plate boundary layer was briefly examined to determine the effects of the EASM coefficient variations on wall bounded flow regions. It was determined that changing C 2 from the default value of 0.36 to 0.10, had no adverse effect on the turbulent skin friction coefficient, while changing the diffusion coefficients results in a significant degradation in the calculated turbulent skin friction.
In conclusion, the change to the pressure strain coefficient to C 2 = 0.10 is recommended for future EASM calculations of jet flow. This result was applied to three-stream coannular and offset stream nozzle flowfields in Leib et al 5 with significant improvements over the Menter SST k − ω model and baseline k − EASM for both the aerodynamic flowfields and the predicted noise, using an acoustic analogy solver. It is recommended that the diffusion coefficients not be changed from their default values. If a generalized method to employ reduced diffusion coefficients near the origin of the jet mixing region could be constructed, there may be future improvements, but previous similar attempts with linear two-equation models were not successfully generalized. 
